Some Remarks on Realization of Simplicial Algebras in Cat by Fiedorowicz, Zbigniew & Vogt, Rainer M.
ar
X
iv
:1
40
9.
59
73
v1
  [
ma
th.
AT
]  
21
 Se
p 2
01
4 Some Remarks on Realization of Simplical Algebras in Cat
Z. FIEDOROWICZ
R.M. VOGT
In this paper we discuss why the passage from simplicial algebras over a Cat operad
to algebras over that operad involves apparently unavoidable technicalities.
18D50; 55P48
1 Introduction
One direction of research in homotopy theory has involved comparing algebraic struc-
tures in Top to corresponding structures in Cat . For instance in algebraic K-theory
one often starts with some algebraic structure on a category and converts it into a
corresponding structure on a topological space or spectrum. A natural question is to
what extent can this approach be reversed, i.e. to what extent do algebraic structures
in Top correspond to algebraic structures in Cat?
Thomason [15] was the first to consider this question. He showed that symmetric
monoidal categories model all connective spectra. In a series of papers [3], [4], [5],
we considered the same question for iterated loop spaces and we showed that iterated
monoidal categories model all such spaces.
In both Thomason’s work and ours, the most technical part of the proof involves the
passage from simplicial Cat-algebras over a Cat-operad to plain Cat-algebras over that
operad, a process we refer to as rectification. It has been suggested to us that we might
avoid these technicalities if we construct an appropriate categoric realization functor.
In this paper we will discuss why we believe that such a simple realization construction
is not possible.
2 Notations and definitions
First let us clarify what we mean by an “appropriate” categoric realization functor. For
this we have to introduce some notation.
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2.1 Notations:
(1) ∆ denotes the category of posets [n] = {0 < 1 < 2 < · · · < n} and order
preserving maps. We usually write ∆(k, n) rather than ∆([k], [n]) for the
morphism sets.
(2) Cat, Sets, Top denote the categories of small categories, of sets, and of k-spaces
respectively.
(3) SCat, SSets, STop denote the associated categories of simplicial objects.
(4) S2Sets denotes the category of bisimplicial sets.
(5) For a functor F : C → D and an small category K let FK : CK → DK denote
its prolongation to the functor categories.
(6) A natural transformation α : F ⇒ G of functors F, G : C → Top is called a
weak equivalence, if the maps α(C) : F(C) → G(C) are homotopy equivalences.
(7) Two such functors are called equivalent if there is a chain of weak equivalences
connecting them.
(8) B : Cat → Top denotes the classifying space functor, i.e. the composite
of the nerve functor N : Cat → SSets and the geometric realization functor
| − | : SSets → Top.
(9) A functor F : C → D between small categories is called a weak equivalence if
B(F) : B(C) → B(D) is a homotopy equivalence.
Definition 2.2 A categoric realization functor is a functor FD : SCat → Cat given by
a coend construction of the form
FD(C∗) = C∗ ⊗∆ D(∗) =
(
∐n≥0Cn × D(n)
)
/ ≈,
where D : ∆→ Cat is a fixed cosimplicial category.
If we take D0 : ∆→ Cat to be the constant cosimplicial category on the trivial category
∗, we obtain
FD0(C∗) = colim∆opC∗
which apparently is not what we are looking for. We need a categoric realization
functor which has the “correct” homotopy type. Moreover, since we want to replace
a simplicial algebra over an operad in Cat by an algebra in Cat of the same homotopy
type the realization functor has to be product preserving.
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Definition 2.3 A categoric realization functor FD is called good if the functor B◦FD :
SCat → Cat → Top is equivalent to the functor | − | ◦ B∆op : SCat → STop → Top
or, equivalently, to the functor | − | ◦ diag ◦ N∆op : SCat → S2Sets → SSets → Top
where diag is the diagonal functor. We call FD product preserving, if the natural map
F(C∗ ×D∗) −→ F(C∗)× F(D∗) is an isomorphism.
If FD is a product preserving categoric realization functor and C∗ is a simplicial
category, then FD induces an operad map End(C∗) → End(FD(C∗)) of endomorphism
operads. Hence, if O is a Cat-operad and C∗ is a simplicial O-algebra, then FD(C∗) is
an O-algebra in Cat . If FD is also good, then the classifying space of this O-algebra
is equivalent to the classifying space of the original simplicial O-algebra. Thus FD
would provide the desired rectification functor.
Remark 2.4 In what follows we will need to consider iterated coend constructions
over ∆ . In such circumstances it is clearer to use the following notation for coends
A∗ ⊗∆ B∗ = An ⊗n∈∆ Bn,
where A∗ , respectively B∗ , are simplicial, respectively cosimplicial, objects in Sets,
SSets, or Cat . This conforms to the notation for coends in [11].
The goodness condition on FD is an indication that BD(n) should be closely related
to the standard n-simplex ∆(n). We start with three obvious candidates, for which
BD(n) ∼= ∆n , and explain why each falls short of the mark. We also discuss a fourth
variant, with BD(n) ≃ ∆n , which also fails. In the last two sections we investigate
another possible option: replacing the original simplicial category C∗ by some kind
of cofibrant resolution prior to applying a categoric realization functor. If we do this,
then we obtain a good categoric realization for any choice of D with BD(n) ≃ ∆n .
However this results in the loss of the O-algebra structure. This can be remedied by
applying the rectification process of [5] degreewise. However this does not result in
any simplification of the rectification process.
3 Standard categoric realization
The most obvious candidate for a categoric realization functor is the one where we take
D(n) = D1(n) = [n]. We will denote the resulting categoric realization FD1 by F1 .
Before we explain why this fails to be a good categoric realization functor, let us
start with an elementary observation. Since we can think of a set as being the same
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thing as a discrete category, we can regard a simplicial set as being a special case
of a simplicial category. Thus any categoric realization functor restricts to a functor
SSets −→ Cat . Since these functors are constructed as coends, they preserve col-
imits. Such colimit-preserving functors SSets −→ Cat are generically referred to as
categorification functors.
There is a standard categorification functor cat : SSets −→ Cat . This can be briefly
described as the left adjoint to the nerve functor N : Cat −→ SSets. A more explicit
description is as follows. Given a simplicial set S∗ one associates to it the directed
graph whose vertices are the 0-simplices S0 . The edges are the 1-simplices S1 . Each
edge x is directed from d1x to d0x. Then one takes the free category on this directed
graph. Finally for each 2-simplex y ∈ S2 , one identifies the composite (d0y)(d2y) with
d1(y). The resulting quotient category is called cat(S∗).
3.1 The standard categorification functor cat : SSets −→ Cat has the following nice
properties:
(i) cat ◦ N = Id
(ii) cat preserves products, i.e. the natural map cat(S∗ × T∗) −→ cat(S∗)× cat(T∗)
is an isomorphism.
The first property is an immediate consequence of the definition. A proof of the second
property may be found in [4, p. 1097].
Proposition 3.2 The restriction to simplicial sets of the categoric realization functor
F1 corresponding to the cosimplicial category D1(n) = [n] is the standard categorifi-
cation functor cat : SSets −→ Cat . Moreover, F1 is product preserving, and for any
simplicial category C∗ we have F1(C∗) = cat
(
diag N∆opC∗
)
.
Proof Let S∗ be a simplicial set. Then we have
Sk = S∗ ⊗∆ ∆∗k =
(
∐n≥0Sn ×∆(k, n)
)
/ ≈
where ∆(∗, n) = ∆n∗ is the standard simplicial set model of ∆n , and the equivalence
relation is given by the standard face and degeneracy relations in SSets. If we regard
the set Sn as a discrete simplicial set, we have the following sequence of equalities
cat(S∗) =
(
∐n≥0cat(Sn ×∆(∗, n))
)
/ ≈
=
(
∐n≥0cat(Sn)× cat(∆(∗, n)
)
/ ≈
=
(
∐n≥0Sn × [n]
)
/ ≈
= S∗ ⊗∆ D1(∗)
= F1(S∗)
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Here the first equality is due to the fact that cat preserves colimits. The second equality
follows from the fact that cat is product preserving 3.1.(ii). The third equality follows
from cat(Sn) = Sn , since Sn is discrete, and cat(∆(−, n)) = cat(∆n∗) = (cat ◦ N)[n] =
[n], c.f. 3.1.(i). The fourth equality is just the definition of coend and the last equality
is the definition of F1 .
For the second statement, we note that
diag N∆opC∗ = N∗Cn ⊗n∈∆ ∆(∗, n) = N∗Cn ⊗n∈∆ N∗[n].
Here we use the notation N∗ instead of N for nerve, in order to emphasize that the
nerve functor takes values in SSets. Specifically, the set of m-simplices of the right
hand side of the above equality is the following coend in Sets:
NmCn ⊗n∈∆ ∆(m, n) = NmCn ⊗n∈∆ Nm[n].
Since cat preserves colimits and products, it follows that
cat
(
diag N∆opC∗
)
= cat(N∗Cn)⊗n∈∆ cat(N∗[n])
= Cn ⊗n∈∆ [n]
= C∗ ⊗∆ D1(∗)
= F1(C)
Here the second equality follows from cat◦N = Id and the rest follows from definition.
Since cat, diag, and N∆op preserve products, so does F1 .
Corollary 3.3 F1 is product preserving, but not good.
Proof By Proposition 3.2, the functor F1 is product preserving. However Proposition
3.2 also rules out F1 as good, because this would require that F1 restricted to simplicial
sets should be a homotopy inverse to the nerve functor. It is well known that cat is not
such a functor, since cat is by definition completely determined by its restriction to the
2-skeleton of a simplicial set.
Example 3.4 A counterexample is ∆n∗/∂∆n∗ , with n ≥ 2. Then Ncat
(
∆n∗/∂∆
n
∗
)
= ∗,
whereas ∆n∗/∂∆n∗ has the homotopy type of the n-sphere. This is closely related to the
well known fact that the nerve functor does not preserve the homotpy type of pushouts
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in Cat . A simple example of this is the following pushout diagram in Cat
Thus the nerve of the pushout in Cat is contractible. On the other hand the pushout of
the correponding diagram of nerves has the homotopy type of S2 .
4 Double barycentric subdivision
The work of Fritsch, Latch, Thomason and Wilson [6], [7], [14] shows that cat ◦ sd2 is
a homotopy inverse to the nerve functor, where sd denotes barycentric subdivision and
sd2 the double barycentric subdivision. This suggests that the cosimplicial category
D2(n) = cat ◦ sd2
(
∆n∗
)
might give a good categoric realization.
First let us recall that the barycentric subdivision of a simplicial set S∗ can be described
as follows:
sd(S∗) = Sn ⊗n∈∆ NFn = Sn ⊗n∈∆ sd(∆n∗),
where Fn is the poset of faces of ∆n .
Proposition 4.1 For any simplicial category C∗ we have
F2(C∗) = FD2(C∗) = cat
(
sd2diag N∆opC∗
)
.
Thus F2 is a good categoric realization.
Proof The proof is similar to that of the second part of Proposition 3.2. First of all
we have
sd2diag N∆opC∗ = sd2 (N∗Cn ⊗n∈∆ ∆(∗, n))
= (N∗Cn ⊗n∈∆ ∆(m, n))⊗m∈∆ sd2(∆(∗, n))
= N∗Cn ⊗n∈∆
(
∆(m, n)⊗∆ sd2(∆(∗,m))
)
= N∗Cn ⊗n∈∆ sd2(∆(∗, n))
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Since cat preserves products and colimits, this implies that
cat
(
sd2diag N∆opC∗
)
= cat
(
N∗Cn ⊗n∈∆ sd2(∆(∗, n))
)
= cat ◦ N∗(Cn)⊗n∈∆ cat
(
sd2(∆n∗)
)
= Cn ⊗n∈∆ D2(n)
= F2(C∗)
Unfortunately F2 is not product preserving, since barycentric subdivision is not product
preserving. For instance the barycentric subdivision sd
(
∆1∗ ×∆
1
∗
)
is given by the
following picture
On the other hand sd
(
∆1∗
)
× sd
(
∆1∗
)
is given by the following picture
5 Iterated edgewise subdivisions
As we noted above, one of the major defficiencies of barycentric subdivision is that
is not product preserving. There are two subdivision constructions which are product
preserving. They are based on subdivision of the edges of a simplicial set. Both
constructions use the monoidal structure of the category ∆ , given by taking the disjoint
union of totally ordered finite sets. This defines a functor <+>: ∆ × ∆ −→ ∆ and
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hence also a functor <+>: ∆op ×∆op −→ ∆op . Given a simplicial set S∗ , we define
its edgewise subdivision esd(S∗) to be the simplicial set
∆
op (id,id)−→ ∆op ×∆op <+>−→ ∆op S∗−→ Sets.
Segal [12] constructed a variant of this subdivision, which has certain advantages. This
is based on the functor r : ∆ → ∆ which reverses the order of a totally ordered set.
Given a simplicial set S∗ , we define its Segal subdivision to be the simplicial set ssd(S∗)
∆
op (r,id)−→ ∆op ×∆op <+>−→ ∆op S∗−→ Sets.
Explicitly we have
esd(S∗)n = ssd(S∗)n = S2n+1.
The elementary faces and degeneracies for esd(S∗) are given by
desd(S∗)i = didi+n+1, sesd(S∗)i = si+n+1si, i = 0, 1, 2, . . . , n
The elementary faces and degeneracies for ssd(S∗) are given by
dssd(S∗)i = dn−idn+1+i, sssd(S∗)i = sn+1+isn−i, i = 0, 1, 2, . . . , n
It is clear from these definitions that both edgewise subdivisions preserve products.
The following pictures illustrate these subdivisions for the standard 2-simplex ∆2∗ .
Then esd(∆2∗) is represented by
•
•
OO
// •
__❄
❄
❄
❄
❄
❄
❄
•
OO
// •
__❄
❄
❄
❄
❄
❄
❄
OO
// •
__❄
❄
❄
❄
❄
❄
❄
,
whereas ssd(∆2∗) is represented by
•
 ❄
❄
❄
❄
❄
❄
❄
• •oo
•
OO
// •
__❄
❄
❄
❄
❄
❄
❄
•
__❄
❄
❄
❄
❄
❄
❄
gg❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖
❖oo
,
It is clear from the picture above that the edgewise subdivision of a simplex is not the
nerve of a category, since it is not closed under composition of arrows. If we apply the
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categorification functor to the edgewise subdvision of ∆n∗ we obtain a category whose
classifying space is 2n-dimensional.
On the other hand D(n) = D(k)3 (n) = cat ◦ ssd k(∆n∗) does provide a categorification
functor F(k)3 with BD(n) ∼= ∆n for any value k . This follows from the fact that the
Segal edgewise subdivision preserves nerves of categories. For if S∗ is the nerve
of a category C , then ssd (S∗) is the nerve of the category C′ whose objects are the
morphisms C −→ D of C and whose morphisms are commutative diagrams
C1 // D1

C2
OO
// D2
Since the Segal edgewise subdivision is product preserving, D(k)3 , for some fixed value
of k , might have a chance to provide a very good categoric realization functor. However,
it is not good for much the same reason as D1 . For by the same argument as in the proof
of Proposition 3.2 or 4.1, this categoric realization functor would take a simplicial set
S∗ (regarded as a simplicial category) to cat ◦ ssd k(S∗). Thus the goodness condition
for simplicial sets requires this construction to be a homotopy inverse to the nerve
functor. However a minor variation of Example 3.4 shows that this is not the case. For
any vertex in ssd k(∆n∗) has at most 2k nonzero barycentric coordinates in ∆n . Thus
if n = 2k − 1, then there is precisely one vertex in the interior of ∆n , namely the
barycenter of the simplex, and this vertex is a terminal object in cat ◦ ssd k(∆n∗). It
follows that the following is a pushout diagram in Cat :
cat ◦ ssd k(∂∆n∗)


 // cat ◦ ssd k(∆n∗)

• // • −→ •
Thus the nerve of the pushout in Cat is contractible, whereas the pushout of the nerves
has the homotopy type of Sn .
For much the same reason D(n) = D(k)4 (n) = cat ◦ esdk(∆n∗) does not give a good
categoric realization functor for any fixed value of k . Again this would require that the
restriction of this functor to simplicial sets be a homotopy inverse to the nerve functor.
For by the same reason as in the Segal edgewise subdivision, if n ≥ 2k , then every
object in cat◦esdk(∂∆n∗) is also an object of cat◦esdk(∂∆n∗). Since cat◦esdk(∆n∗) and
cat ◦ esdk(∂∆n∗) both contain a common terminal object, it follows that the following
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is a pushout diagram in Cat :
cat ◦ esdk(∂∆n∗)


 // cat ◦ esdk(∆n∗)

• // •
,
whereas the pushout of the nerves has the homotopy type of Sn .
We summarize
Proposition 5.1 The categoric realization functors F3 and F4 are product preserving,
but they are not good.
6 Resolutions
Section 4 indicates that some type of resolutions might help: D2 is a degreewise
cofibrant replacement of D1 , if we give Cat the model category structure of Thomason
[14]. It is well known that coends behave rather badly with respect to homotopy. In
Top one therefore replaces them by the 2-sided bar construction. There is a related
construction in Cat which has been studied by Heggie [9] and others.
Let K be a small category, and F : Kop → Cat and G : K → Cat be functors. Define
a category C(F,K,G) as follows: objects are triples (x, k, y) with k ∈ obK, x ∈
obF(k), y ∈ obG(k). A morphism
((x0, k0, y0) → (x1, k1, y1)
is a triple (f , α, g) consisting of a morphism α : k0 → k1 in K , a morphism f : x0 →
F(α)(x1) in F(k0), and a morphism g : G(α)(y0) → y1 in G(k1). Composition is
defined by
(f2, α2, g2) ◦ (f1, α1, g1) = (F(α1)(f2) ◦ f1, α2 ◦ α1, g2 ◦ G(α2)(g1)).
This construction is functorial in the obvious sense.
Proposition 6.1 [9, Thm. 2.5] If β : F ⇒ F′ and γ : G ⇒ G′ are natural transfor-
mations such that β(k) and γ(k) are weak equivalences for all objects k ∈ K , then the
induced map
C(F,K,G) → C(F′,K,G′)
is a weak equivalence.
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6.2 Properties: Let ∗ denote the constant diagram on the trivial category ∗. Let K
denote the functor
K : Kop ×K → Cat, (k0, k1) 7→ K(k0, k1),
where the set K(k0, k1) is regarded as a discrete category.
(1) C(∗,K,G) is the Grothendieck construction K ∫ G studied in [13], and C(F,K, ∗) =
F
∫
K , the dual Grothendieck construction.
(2) C(∗,K, ∗) ∼= K .
(3) If F : A×Kop → Cat and G : K×Bop → Cat are functors, we have an induced
functor
A× Bop → Cat, (A,B) 7→ C(F(A,−),K,G(−,B)
(4) Given functors F and G as in (3), and functors U : Aop → Cat and V : B → Cat ,
then
U ⊗A C(F,K,G)⊗B V ∼= C(U ⊗A F,K,G ⊗B V).
(5) Given functors F : Kop → Cat, G : K × Lop → Cat and H : L → Cat , then
C(C(F,K,G),L,H) ∼= C(F,K,C(G,L,H)).
(6) There is a natural transformation ε : C(K,K,G) ⇒ G , defined by
ε(k) : C(K(−, k,K,G) → G(k), (β, k0, y) 7→ G(β)(y),
which is a weak equivalence. Dually, there is a natural transformation C(F,K,K) →
F which is a weak equivalence.
Proof (1),...,(5) follow by inspection of the definitions. For (6) note, that ε(k) has a
section
sk : G(k) → C(K(−, k,K,G), y 7→ (idk, k, y),
and there is a natural transformation
τ : IdC(K(−,k,K,G) ⇒ sk ◦ ε(k), (β, k0, y) (id,β,id)−−−−→ (idk, k,G(β)(y))
so that B(ε(k)) is a homotopy equivalence.
Proposition 6.3 (1) For i = 0, 1, 2, 3 the resolved cosimplicial categories C(∆,∆,Di)
define good categoric realization functors.
(2) For i = 0, 1, 2, 3 the functor
SCat → Cat, C∗ 7→ FDi(C(C∗,∆,∆))
is good.
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Proof
FC(∆,∆,Di)(C∗) = C∗ ⊗∆ C(∆,∆,Di)
= C(C∗,∆,Di)
≃ C(C∗,∆, ∗)
= C∗
∫
∆.
FDi(C(C∗,∆,∆)) = C(C∗,∆,∆)⊗∆ Di
= C(C∗,∆,Di)
≃ C∗
∫
∆.
where ≃ stands for weakly equivalent. According to Thomason [13], we have
B
(
C∗
∫
∆
)
≃ B (B(C∗),∆, ∗) ∼= B
(
∗,∆op,B(C∗)
)
.
Since B(C∗) is a proper simplicial space, i.e. the inclusions sB(Cn) ⊂ B(Cn) of
the degenerate elements are cofibrations, the homotopy colimit B (∗,∆op,B(C∗)) is
homotopy equivalent to the topological realization |B(C∗)|.
Unfortunately, the resolutions we chose are not product preserving.
7 Algebras
In this section we will rely heavily on [5] and we use its notation.
Let O be a Σ-free operad in Cat , let O-Cat be its category of algebras, and Ô its
associated category of operators. Then Ô is the operad O , considered as a symmetric
monoidal category, with the projections added (for details see [5, Sect. 2]).
If X∗ is a simplicial O-algebra, C(X∗,∆,∆) ceases to be a simplicial O-algebra, but
in each degree k it defines an Ô-diagram, which we, in abuse of notation, denote by
C(X∗,∆,∆(k,−)) : Ô → Cat, n 7→ C(Xn∗,∆,∆(k,−)).
Since there is a weak equivalence C(X∗,∆,∆) → X∗ it is easy to check that this is a
special Ô-diagram, i.e. the n projections define a weak equivalence
C(Xn∗,∆,∆(k,−)) → (C(X∗,∆,∆(k,−)))n .
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In [5] we constructed a rectification functor
R : CatÔ → O-Cat
with nice properties, where CatÔ denotes the category of Ô -diagrams. Applying R to
the Ô -diagrams C(X∗,∆,∆(k,−)) we obtain a functor
Q : SO-Cat → SO-Cat, X∗ 7→ ([k] 7→ R(C(X∗,∆,∆(k,−))) ,
where SO-Cat denotes the category of simplicial O algebras in Cat .
Claim: Q(X∗) is a good resolution of X∗ in the category SO-Cat .
Before we prove this, we have to give a short recollection of the definition of R .
Let T˜ denote the groupoid of planar trees and non-planar isomorphisms. Let T be
the category whose objects are isomorphism classes [T] of trees T ∈ T˜ and whose
morphisms are generated by shrinking an internal edge or chopping off a subtree above
an internal edge (for more details see [5, Sect. 5]). There is a functor O : T˜op → Cat
known from the construction of free operads (e.g. see [2, Sect. 5.8]). Given an
Ô-diagram G : Ô → Cat there is also a functor λG : T˜→ Cat , defined as follows. Let
Θn denote the tree with exactly one node and n inputs. Any tree T with a root node
of valence n decomposes uniquely into n trees T1, . . . ,Tn whose outputs are grafted
onto the inputs of Θn . We denote this grafting operation by
T = Θn ◦ (T1 ⊕ . . .⊕ Tn).
We define λG(Θn) = G(1)n and
λG(Θn ◦ (T1 ⊕ . . .⊕ Tn)) = G(In(T1))× . . .× G(In(Tn))
where In(Ti) is the number of inputs of Ti .
We define a diagram
FG : T → Cat, [T] 7→ O ⊗[T] λG
where the coend is taken over all representatives T of [T]. The functor R is given by
R : CatÔ → O-Cat, G 7→ C(∗,T ,FG) = T
∫
FG.
If X is an O-algebra, we denote its associated Ô -diagram by X̂ : Ô → Cat .
Proposition 7.1 There is a natural weak equivalence ζ : Q(X∗) → X∗ of simplicial
O-algebras.
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Proof We have weak equivalences
Q(X∗) = C
(
∗,T ,FC(X∗,∆,∆)
) ∼
−→ C(∗,T ,FX̂∗) ∼−→ X∗.
The first map is induced by the weak equivalence ε : C(X∗,∆,∆) → X∗ . It is
a homomorphism and a weak equivalence by [5, 6.7]. The second map is a weak
equivalence by [5, 7.1].
Theorem 7.2 For D = D1, D3, D4 the functor
SCat → Top, X∗ 7→ B(Q(X∗)⊗∆ D)
is equivalent to the functor | − | ◦ B∆op via a chain of weak equivalences of homomor-
phisms of BO-algebras.
Proof
Q(X∗)⊗∆ D = C
(
∗,T ,FC(X∗,∆,∆)
)
⊗∆ D ∼= C
(
∗,T ,FC(X∗,∆,∆) ⊗∆ D
)
.
Since −⊗∆ D is product preserving, this is an isomorphism of O-algebras. Now
FC(X∗,∆,∆)([T])⊗∆ D = O ⊗[T] λC(X∗,∆,∆) ⊗∆ D ∼= FC(X∗,∆,∆)⊗∆D([T])
by inspection of the definition of λG .
By [5, 6.5] there is a weak equivalence of BO-spaces
B(∗,T ,B(FC(X∗,∆,∆)⊗∆D)) → BC(∗,T ,FC(X∗,∆,∆)⊗∆D) ∼= B(Q(X∗)⊗∆ D).
By [5, 6.6] there is an isomorphism of BO-spaces
B
(
∗,T ,B(FC(X∗,∆,∆)⊗∆D)) ∼= B(∗,T ,FB(C(X∗,∆,∆)⊗∆D)).
By the proof of 6.3 there is a chain of weak equivalences
B(C(X∗,∆,∆)⊗∆ D)
∼= // BC(X∗,∆,D) // BC(X∗,∆, ∗)
B(∗,∆op,B(X∗))
OO
// |B(X∗)|
It follows that these weak quivalences extend to weak equivalences of B̂O -diagrams,
which by [5, 6.7] induce weak equivalences of BO-spaces between
B
(
∗,T ,B(FC(X∗,∆,∆)⊗∆D)) and B(∗,T ,F̂|B(X∗)|) .
Here note that |B(X∗)| is a BO-algebra. By [5, 7.1] there is a weak equivalence of
BO-algebras
B(∗,T ,F̂|B(X∗)|) → |B(X∗)|
which completes the proof.
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